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The problem of a turbulent boundary layer that evolves into a wake flow at the sharp
trailing edge of a thin flat plate is considered ; the formal structure of the near-wake
flow is investigated using matched expansions in the limit of infinite Reynolds
number. The symmetric turbulent near wake is shown to develop a two-layer
structure which is independent of turbulence model. The general asymptotic analysis
shows that a thin layer at the wake centreline grows linearly with distance from the
trailing edge while the centreline velocity varies logarithmically in a manner that is
supported strongly by experimental measurements. The relatively thick outer layer
of the near-wake flow is undisturbed by the evolution of the inncr layer to leading
order. An additional region near the trailing edge is required to resolve a non-
uniformity in transverse velocity. The general asymptotic results are used to guide
the development of a zonal turbulence model for the near wake in the form of a
simple eddy viscosity formula. Analytic profiles for velocity and Reynolds stress are
obtained for the near-wake region; these profiles are shown to provide accurate
representations of available near-wake experimental data.

1. Introduction

The flow that develops in the near wake of a surface as a boundary layer leaves a
sharp trailing edge is a fundamental problem of considerable theoretical and
practical significance. In particular, the effeets of trailing-edge flows are recognized
to be potentially significant in the design of airfoils as well as turbine and compressor
blades; it is therefore of interest to develop methods for the accurate prediction of
such situations. From a theoretical standpoint, the near-wake problem for a flat
plate is the simplest situation at a trailing edge and here an abrupt change in
boundary conditions occurs from the no-slip condition on the surface to a symmetry
condition in the near wake. If the surface boundary layer is laminar, the formal
structure of the flow field is well understood ; the near-wake flow is described by the
Goldstein (1930) solution and between this region and the upstream boundary layer,
a triple-deck structure occurs (Stewartson 1969 ; Messiter 1970). It emerges that the
laminar triple deck appears in a wide varicty of other physical situations and
subsequent studies led to major advances in the analysis of such problems as
viscous—inviscid interactions, boundary-layer separation and internal flows (see, for
example, Stewartson 1974; Smith 1982). A complete description for turbulent
trailing-edge flows has yet to be established; the present study is intended to
contribute to a more complete understanding of the situation when the surface
boundary-layer flow is turbulent.
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The mathematical problem considered here is that of a turbulent flow at a trailing
edge of a thin flat plate that is aligned parallel to a constant-pressure, uniform
mainstream. A principal objective of this study is to describe the formal structure of
the flow downstream of the trailing edge and results that are independent of the
turbulence model (used to close the governing equations) are of principal interest. To
achieve this end, the method of matched expansions and singular perturbation
theory are used to identify the different regions of the flow field in the limit of infinite
Reynolds number. The asymptotic analysis is carried out prior to the adoption of a
specific turbulence model and the approach is similar to the previous general analyses
of Mellor (1972) and Fendell (1972) for attached turbulent boundary-layer flows.

In the present work, some of the partial results obtained in previous studies are
generalized and extended. A detailed critical review of previous theoretical
investigations of turbulent trailing-edge flows has been given by Bogucz (1984) and
only a brief summary is included here. Robinson (1969) considered the turbulent
near-wake flow problem in an analysis based on previous work by Townsend (1965,
1966) associated with determining the response of a turbulent boundary layer to an
abrupt change in surface roughness. Townsend (1965, 1966) showed that the bulk of
the boundary layer is slow to respond to the change at the surface and that most of
the streamwise velocity profile persists for relatively long distances downstream of
the modification. A similar behaviour occurs at a sharp trailing edge and Robinson
(1969) was able to show that the major changes in the profile occur in a region near
the wake centreline ; using an informal analysis, he obtained a self-similar solution for
this region that included a logarithmic dependence in the centreline velocity. More
recently, Alber (1980) has proposed a detailed structure for the wake flow of a plate
in which the wake is divided into a number of regions. A specific turbulence model
is adopted at the outset of the analysis and Alber (1980) obtains solutions for some
portions of the near-wake flow that exhibit a logarithmic dependence on centreline
velocity. However, Alber’s (1980) adduced structure is based largely on intuitive
arguments, some of which are questionable. For example, a region immediately
downstream of the trailing edge on the wake centreline was proposed where the flow
is assumed to be governed by the laminar boundary-layer equations. In addition, the
extent of the dependence of the reported results on the intuitive reasoning and the
adopted turbulence model is not clear; in fact, the turbulence model leads to a
velocity profile in the ncar wake that has a non-vanishing velocity gradient on the
wake centreline and this is not physically realistic. Prabhu & Patel (1982) also rely
on a specific closure assumption to consider the near-wake flow problem, although
the model is somewhat more general than that used by Alber (1980). An asymptotic
analysis based entirely on the Cebeci & Smith (1974) turbulence model applied to the
prediction of the turbulent boundary layer on a finite flat plate has been reported
recently by Neish & Smith (1988), who also consider the development of the
downstream wake flow using the Cebeci—Smith scheme. The suitability of the
Cebeci—-Smith model for wake calculations will be discussed subsequently, at which
point further comment will be made regarding the wake results of Neish & Smith
(1988).

It is worth noting that a series of trailing-edge problems have been successfully
analysed using asymptotic methods. Thesc studies include flow at the cusped trailing
edge of a plate aligned at angle of attack to the mainstream flow (Melnik & Chow
1975; Melnik, Chow & Mead 1977; Melnik 1980) and the flow at a wedge-shaped
trailing edge (Melnik & Grossman 1981). In these situations, it has been demonstrated
that the turbulent boundary layer develops a three-layer structure near the trailing
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edge ; however, such trailing-edge flows arc dominated by the presence of singularities
in the leading-order external flow solution, which is not the case in the present
problem.

The asymptotic theory employed in the first part of this study leads to a general
description of the flow structure at the trailing edge that is independent of turbulence
model. However in order to produce a solution for the velocity and Reynolds stress
profiles in the near-wake region, it is necessary to adopt a model for the Reynolds
stresses that appear in the time-mean equations. In the near-wake region, the
simplest possible eddy viscosity model was used to produce closure; the results of the
asymptotic theory were used to guide the selection of this model.

The plan of the paper is as follows. In §2, the structure of the flow upstream of the
trailing edge is reviewed. The asymptotic analysis of the near-wake flow is presented
in §3, and the principal results are discussed in §4. Suitable turbulence models for
closure of the near-wake governing equations are presented in §5, and in §6,
computed near-wake results are compared with experimental measurements. The
principal results of the study are summarized in §7.

2. The surface boundary layer

Consider a flat plate of length I that is immersed in an incompressible fluid of
density p and absolute viscosity u; a flow of speed U, moves in a direction parallel
to the plate surface. A Blasius boundary-layer flow develops in a direction
downstream from the leading edge but when the Reynolds number, Re = pU, L/u,
is sufficiently large, transition to a fully turbulent boundary-layer flow occurs on the
latter portion of the plate surface. In this study, the surface boundary layer
approaching the trailing edge is assumed to be fully turbulent and nominally steady.
The equations governing the time-mean flow field are taken to be the Reynolds
equations; in dimensionless form, the two-dimensional Navier—Stokes equations
are
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Here x and y are Cartesian coordinates with corresponding mean velocity components
% and #; the plate coincides with the x-axis and the origin is located at the trailing
edge. On the plate surface, the boundary-layer flow must satisfy the boundary
conditions

a=9=0 aty=0; a—~>1 asy—o0, (2.2)
and any models for the turbulence terms must satisfy

wWi=02=uv =0 at y=0 and asy—> 0. (2.3)

Although the asymptotic structure of a fully turbulent boundary-layer flow is well
known (cf. Fendell 1972; Mellor 1972), a bricf review of the principal features is
necessary to establish the basis of the subsequent near-wake analysis.

The turbulent boundary layer is a composite double layer and an important small
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parameter that arises in the asymptotic analysis in the limit Re— oo (Fendell 1972)
is the friction velocit
Y ug(x; Re) = (r,(x; Re)), (2.4)
where 7, is the local non-dimensional wall shear stress. In the outer layer, the
streamwise velocity is in the form of a defect law and the Reynolds stress is O(u),
viz.

oF —
a=1+u*af771(x,77)+..., —uv =ul X (e, )+ ... (2.5)

In (2.5), 9 is the scaled outer-layer variable 9 = y/4 (x; Re), where 4, is a quantity
proportional to the local boundary-layer thickness, and £ is a function that must be
specified to define a particular turbulence model. The outer-layer lengthscale 4, is
O(uy) (Fendell 1972); however, if §* denotes the local (non-dimensional) displacement
thickness, it follows (upon neglecting the contribution due to the wall layer) that

6*=J (1—a)dy =—d,u im Fi(x,9)+ ..., (2.6)
0 N0
and consequently a convenient choice is
5%
4,=—, limF(z,q)=—1. (2.7)
Uy §>o0

It may than be shown that the leading-order form of the x-momentum equation in

the outer layer i
e outer layer is 5% 0, R, 0%,

- 2.8
us 0x Oy 7 opr Oy’ (2-8)
and the corresponding transverse velocity is
| oF oF;

The outer-layer velocity expansion in (2.5) is not uniformly valid and in order to
satisfy the no-slip condition, a thin inner wall layer is required; in this region, the
conveetive terms are negligible to leading order (Fendell 1972) and the expansions

are of the form o
a=u, U (y")+...., —uwv =uio,(y")+.... (2.10)

Here, y* is the scaled inner coordinate defined by

+_ Y _ 1

=2 A = \ 2.1
Y= AT R, (2.11)

and U* and o, can be shown to satisfy
Ut +g,=0. (2.12)

Note that o, is a function that must be specified to define a particular turbulence
model.
Matching of the expansions (2.5) and (2.10) takes place in the limits -0 and
y*— o0 and a self-consistent structure can be obtained for
oF, 1

a—nl~;log77+00, 2i~1+... asyp—>0, (2.13)

1
U+~;logy++(ﬁ'j, o, ~14... asy*—>o0. (2.14)
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In (2.13) and (2.14), « is the von Kdrmdn constant and C; is the inner ‘log-law’
constant, which are commonly assumed to have universal values of x = 0.41 and
C;=5.0; (,, the outer ‘log-law’ constant, varies with z in general and depends on
the specific outer-region turbulence model. The matching process produces a
fundamental relation between scales, namely
1 1
— =—log (uy 4, Re)+C,—C, (2.15)
Uy K
which will be referred to as the match condition ; this relation is often called the ‘skin
friction relation’ and is well supported by experimental data (Rotta 1962).

In the present configuration, the boundary-layer flow will approach a condition of
self-similarity near the trailing edge provided the plate is long enough. Defining €
by

€ = lim u,(x; Re), (2.16)

z—0

the expansions (2.5) and (2.9) near the trailing edge become

a=1+eF{q)+..., v=eqF/—F)+..., —wv =X () +.... (2.17)
Here the primes denote differentiation with respect to 7 and (2.8) becomes
—qpF) =27. (2.18)
Using (2.13) and the conditions
F .2, -0 asnp— o0, (2.19)

a useful first integral of (2.18) may be obtained according to
F,—pF; =2 —1. (2.20)

It should be noted that the results in this section are general and may be derived
independently of specific turbulence modelling considerations; however, in order to
obtain solutions for the velocity and Reynolds stress profiles, specification of
turbulence models for the inner and outer layers is ultimately required. Suitable
turbulence models are discussed in §5.

3. The near-wake region
3.1. Introduction

As the turbulent boundary layer leaves the plate surface, the flow must adjus¢ to the
abrupt change in boundary conditions. On the plate surface, the streamwisc velocity
satisfies the no-slip condition; in the wake, the @ velocity profile must satisfy the
symmetry condition of zero shear on the wake centreline and here strong acceleration
is expected as a consequence of the sudden removal of the no-slip condition. In this
section the asymptotic structure of the near-wake region in the limit Re— oo is
described. The analysis is carried out generally without specifying a particular
closure scheme for the unknown Reynolds stress terms; indeed, the theoretical
development indicates that conventional closure schemes which are typically used
for wall boundary layers are inappropriate for the near-wake flow. The present
theory indicates the form required for near-wake flows and suitable models are
ultimately developed in §5.

The basic flow structure is depicted schematically in figure 1. The flow in the outer
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Ficure 1. Near-wake flow geometry.

layer of the surface boundary layer passes into an ‘outer-near-wake’ region almost
as if unaware of the disappearance of the plate. A thin ‘inner-wake’ region develops
at the wake centreline and it is here that the primary effects of the change in
boundary conditions at the trailing edge occur. As the flow evolves into the near
wake, the outer-wake region is subject to perturbations induced by the accelerating
flow in the inner wake. A third region that will be discussed in the subsequent
presentation is an adjustment zone that is required to resolve a non-uniformity in the
transverse velocity which arises in the outer layers of the trailing-edge flow. The
wake structure is partially determined by requiring that the near-wake structure
match the surface boundary-layer solution in the limit x—0*. In the subsequent
analysis, the parameter ¢ denotes the limit of the skin friction velocity as x>0,
defined by (2.16); in addition, the surface boundary-layer scales 4, and 4, are taken
to be constants equal to their values at the trailing edge in the limit x —07.

3.2. The inner near wake

The near-wake analysis begins by consideration of a thin region along the wake
centreline having a thickness proportional to 4,(x; fle) as indicated in figure 1. At
the outset, the thickness 4, is unknown but is assumed to be formally bounded by
the lengthscales of the surface boundary layer; in the inner wake, a scaled normal
variable z is defined by y

R . A . .
= gy A< <4, (3.1)

In order for the flow in the inner near wake to match the continuation of the outer-
layer surface profile, it follows from (2.13) and (2.17) that

1 4 1
a~1+e[;10g(d—:‘)+;logz+00]+... as z—> 0, (3.2)
for small positive z. This equation suggests that the streamwise velocity in the inner
near wake should be written in the form
of
7Z=u0(x;1{e)+e—f—+.... (3.3)
Oz
Here u, is the leading-order approximation to the centreline velocity which is to be
determined ; in addition f = f(x, z) in general and with u, > ¢, €df/0z represents the
leading-order perturbation to the centreline velocity in the near wake. The
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corresponding form of the transverse velocity follows from the continuity equation

in (2.1), viz.
17=——Anugz—eAn9Z+6A; za—f-— +..., (3.4)
Cx 0z

where the prime denotes differentiation with respect to x. Finally, the pressure and
Reynolds stress in the inner near wake are written according to

p=potep,(x,2)+..., —uwv =eo(x2)+.... (3.5a,b)

Here p, is the constant mainstream pressure and p, is a perturbation term due to the
displacement-thickness effect of the turbulent boundary layer on the plate surface.
Note that (3.5b) is simply a statement that the Reynolds stress in the inner near wake
has the same order of magnitude as in the surface boundary layer. To leading order,
the Reynolds stress in the outer layer continues unaltered into the outer near wake
and, in order for o to match the outer-near-wake Reynolds stress, it follows that

o~1 asz—>00. (3.6)

Apart from condition (3.6), the function o is taken to be an arbitrary function in this
section since the principal interest is in obtaining results that are independent of an
imposed turbulence model; the analysis does however suggest an appropriate form
for o in the near wake.

It is assumed that %' in the near wake is of the same order of magnitude as in the
surface boundary layer (i.e. O(¢*)) and upon substitution of (3.3)—(3.5) in (2.1), the
leading-order terms in the streamwise momentum equation are

A, ug O +Anucué_A%“ez?fI+“"”3[ﬁ—ﬁ—f]—a—" (3.7)

€ Jxoz €2 e 02 e |0z 02| oz

The omitted terms in (3.7) are O(4,,) and O(47,). The absence of a lengthscale suggests
a similarity solution may be available and this is possible if the second term and the
coefficient of the third term are independent of 2. For this to occur, it is evident that
u, must be logarithmic in 4 ; the form consistent with condition (3.2) at the outer
edge of the near wake is

4

4
u (x; Re) = 1+£ log (—") (3.8)
For convenience (and without loss of generality) the coefficient of the third term in
(3.7) is taken equal to «, the von Kdrmdn constant, and this (in conjunction with
(3.8)) provides the defining relation for the inner scale 4, viz.
a5, e A,
[1+;10g'A—;]—K (39)

€

This equation may be integrated to yield

1. 4, 1
An{1+6(; logj——;)} = ex[x—x,], (3.10)

o

where z; is a constant of integration. It is easily verified that 4, = 0(4;) as x - 0" for
Re fixed and large, and it is convenient to take 4, = A4, in this limit which defines the
constant x, according to

s =-4{c—C=1)4, (3.11)

K

Note that for x > 4, x, in (3.10) is negligible.
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With %, and 4, defined by (3.8) and (3.10) respectively it follows that

4, u, . 4, u
— =1, "6 L= k; (3.12)

€

furthermore the last term on the left-hand side of (3.17) is O(4;) and therefore
negligible. 1t is worth noting that a meaningful description of the inner near-wake
flow requires that both the second and third terms in (3.7) enter the leading-order
equation, The third term must be O(1) if the leading-order equation is to describe a
non-trivial low in the inner near wake ; the second term is required to be O(1) in order
that the inner-wake equation contains a new feature not present in the surface outer-
layer description, namely the expected intense streamwise variation of «,(x; Re) in
the near wake. With the leading terms in the near-wake region given by a similarity
golution according to

flx,2) =f()+..., ox2)=0,)+..., (3.13)

it is easily shown from (3.7) that
1 —«kzfy, = oy, (3.14)

Here the prime denotes differentiation with respect to z. The boundary conditions for
[ and the Reynolds stress function are

Sw(0) = f3(0) = 0,(0) =0, (3.15)
on the wake centreline and
fv’v—>110gz+00, o,—~1 asz— o0, (3.16)
PR

to match the continuation of the surface outer layer into the near wake. A useful first
integral of (3.14) may be obtained by integrating from the wake centreline and using

(3.15). 1t follows that
z_K(zf;v _fw) = Oy- (317)

The general asymptotic form of f,, at the outer edge of the inner near wake follows
from (3.16) and (3.17), viz.

fw~3<logz—l+t<00)+% as z—> 00. (3.18)
K

To obtain further details concerning the velocity distribution in the inner near wake,
it is necessary to specify a particular turbulence model for o, and this aspect is
considered in §5.

The inner lengthscale 4,,, defined by (3.10), is a fundamental and general result of
the analysis ; some significant features of 4, warrant further discussion. In particular,
in the limit Re - o0, is casily shown from (3.10) that for fixed x

Kx
AO/€—1)+...] (3.19)

(note that e >0 in the limit Be — o0, and 4, is O(e)). It is evident that, to leading order,
the thickness of the inner near wake grows linearly with distance from the trailing
edge. The behaviour of the ratio 4, /¢ given by (3.10) is depicted in figure 2 for several
values of €, along with the limiting behaviour 4, /e ~ k2 (the conventional values
k=041, C; =50, and C, = 0.979 have been used in preparing this figure). Note that
for values of ¢ typically encountered in practice (¢ & 0.04), many terms in the

€
A4~ |1 ——11
. em[ K(og
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Fiarre 2. Development of scaled inner-wake thickness, 4, /e.
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expansion (3.19) would be required to obtain an accurate evaluation of 4,. While
(3.19) describes the behaviour of 4,, at fixed x in the limit Re — oo, an alternative
expression of (3.10) is appropriate for distances from the trailing edge comparable
with the surface wall-layer thickness. Using (2.15), equation (3.10) may be rewritten

1 —
j—[‘ logéﬂ—&] =kt (3.20)

1

where here x, is given by (3.11). It follows that in the limit -0, Re— co with
x/4; fixed, 4, is 0(4,).

The relations that have been obtained for the inner-wake velocity and lengthscales
may be used to evaluate the range of validity of the present analysis. It is easily
confirmed using (2.15) and (3.8) that w, » ¢ where 4, » 4, and vice versa. On the
other hand, (3.20) shows that 4, is O(4;) when z = 0(4,); consequently the
agsumptions of the analysis are violated when x = 0(4,) and it is necessary to
introduce a new subregion O(4;) x O(4;) centred at the trailing edge. This subregion
is shown schematically in figure 1; the zone contains the response of the surface wall
layer to the change in boundary conditions at x = 0 and here both @ and 7 are O(e).
In addition, all three Reynolds stress terms «’%, wv’and v"%, which are O(e?), enter the
momentum equations (2.1) to leading order; thus it is necessary to model three
turbulence functions in order to obtain solutions in this region. However in the limit
Re-> 00, the region is transcendentally small and since it does not appear to be
significant in the leading-order description of the trailing-edge flow, it will not be
considered further.

A significant general result of the inner-wake analysis concerns the behaviour of
the transverse velocity as z— 00 which determines the influence of the inner wake on
the outer portion of the wake shear layer. It follows from (3.4), (3.12), (3.13) and
(3.18) that e
27~—;A;+... as 2> 0. (3.21)

Since 4;, > 0, (3.21) describes a continual inflow into the inner wake from the outer
wake; this is the behaviour that is expected on physical grounds to allow for an
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acceleration of the streamwise velocity along the wake centreline. It is worth noting
that, from (3.8), (3.9) and (3.21), the transverse velocity into the inner wake is
O(e?/u,); thus as x—0*, ¢ is eventually O(¢) in the vicinity of the square region
0(4,) near the trailing edge. The negative transverse velocity into the inner near
wake is in contrast to the surface boundary layer where @ is everywhere positive. The
rest, of the flow field must adjust to the negative 7 in the inner wake, and the outer
near-wake region is considered next.

3.3. The outer near wake

As the outer-layer surface flow evolves into the near wake, the streamwise velocity
and Reynolds stress distributions are essentially preserved but the transverse
velocity must respond to the inflow to the inner wake. The form of the expansion for
7 is suggested by (3.21) and in the outer near wake, the velocity components and
Reynolds stress are written to leading order according to

a= 1+eF;(7;)+exAiF;(n)+..., (3.22)

[¢]
o= —EA;,—eZFw(n)+..., (3.23)
—uv =X (m+.... (3.24)

Here Fi(7) and X|(n) are the velocity profile and Reynolds stress functions in the
outer layer of the surface boundary layer evaluated as x->07; the function F_ (y) is
a wake profile function which is to be determined subject to the condition

Fy(0)=0. (3.25)

It is easily verified that the expansions (3.22)-(3.24) match the upstream boundary-
layer solutions as x—0% and the inner near-wake solutions as 50 for fixed .
Substitution into (2.1) shows that the Reynolds stress gradient and the streamwise
convection term are the dominant terms in the streamwise momentum equation and

the leading-order equation is
F, =21 (3.26)

Since 2, —1 as 5 >0, it follows from (3.25) that
Fo(p) = 21(n)—1. (3.27)

The outer-wake function may also be expressed in terms of the surface boundary-
layer profile F(5) through (2.8); for a self-similar boundary layer at the trailing edge,

(2.20) shows that
Fo(n) = Fy(m)—nFi(). (3.28)

Since F;—0 as 5 — 00, it may be seen using (2.7) that the asymptotic forms of F,

are
F,-—1, F_,—-0 asgp—oc0. (3.29)
In addition, for small 7,

F,~ —Z as 70, (3.30)

and it may be confirmed from (3.22) that the outer-wake function F, gives rise to a
small deceleration at the outer edge of the inner near wake.
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Frcure 3. Non-uniformity in outer-layer transverse velocity.

It is worth noting that it may be easily shown, using the results of §2, that the
leading term for 0@/0x in the outer layer of the surface boundary layer is
o _ oz,
dr A, oy’
at any 2 < 0. Consequently, in view of (3.26), the expansion in (3.22) represents the
first two terms in a Taylor series expansion of % for fixed y evaluated as z— 07, and
(3.22) is simply the analytic continuation of the outer-layer surface profile into the
wake.

(3.31)

3.4. Trailing-edge adjustment region

The leading-order near-wake solution described thus far is valid for « small and O(1);
however the description is not uniformly valid as - 0. One non-uniformity in the
inner near-wake solution, associated with a transcendentally small region (as Re - c0)
0(4;) x 0(4,) near the trailing edge, has previously been discussed. An additional
non-uniformity occurs in the outer-wake region as a consequence of the behaviour of
the transverse velocity. On the plate surface, it follows from (2.9) that the transverse
velocity in the outer layer as z— 07 is given by

T=e(pF,—F)+.... (3.32)
Note that in the surface boundary layer
>0 asy—>0,  v>€® asnpn-> o0, (3.33)

for x < 0. In the outer near wake, ¥ is given by (3.23); for fixed > 4, it follows from
(3.19) that 4, ~ exx as EBe— oo and the leading-order form of (3.23) is

o= e}y, —F,—1). (3.34)
In the outer near wake,

T>—e* as -0, 7—0 asy—oc0. (3.35)

As shown schematically in figure 3, (3.32) and (3.34) do not match as || -0 and an
adjustment region of streamwise extent 4, is required to resolve the non-uniformity.

The leading-order boundary-layer and near-wake flows give rise to second-order
velocity perturbations in the inviscid flow region which will be denoted by u, and
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;. The complex velocity perturbation «; —iv; may be determined using thin-airfoil
theory in terms of the distribution of the transverse velocity along y = 0, viz.

u, —iv, = 1F 260 4 (3.36)

) o 2—§

Here z is the complex variable z = x+iy. The variation of v,(z,0) is given by

0 forax<ua,,
v,(x,0) = {6‘2 forx, <z < 0;} (3.37)
0 forxz>0.
where x; denotes the effective starting location of the turbulent boundary-layer
flow. The contributions due to the laminar and transitional boundary layers for
—1 < x <z, are o(¢?) and are formally negligible with respect to the O(¢?) velocity
associated with the turbulent boundary-layer flow. For the surface boundary layer,
it follows by differentiation of (2.15) that uj, = O(u%); hence the variation in »,(x,0)
is slow with respect to 2 and can be represented to leading order as €* over the entire
portion of the turbulent boundary layer.
Substitution of (3.37) into (3.36) leads to the following solutions for «, and »,:

o (P 4+ g

uy = — 5 log (2% +yf) +olog ((w—2,)"+y7), (3.38)
€t €

vy = —argz—_arg (z—2;). (3.39)

Thus for ¥ -0, the perturbation velocities are small but become appreciable near
x = 0 or near x = x,.

An adjustment region with streamwise extent 4, = 0(4,) leads to a self-consistent
description of the flow at the trailing edge and a resolution of the non-uniformity in
transverse velocity. With the streamwise coordinate in this region formally defined
by & = z/4,, the dependent variables are written in terms of expansions about the
surface boundary-layer and mainstream values, viz.

2 2
a= 1+eF{(77)—% log AO—;—n log (2 + %)+ €%l (£, 7) + ..., (3.40)
62
D= E@(i,?])%—ezﬁz(i,?])ﬁ—..., (3.41)
€? €2
and p=pyt_logd,+olog (& +9*) +e*Py(Z, )+ ... (3.42)

In (3.40)-(3.42), 4,, #,, and P, are perturbation functions to be determined and
O(&, ) is the polar angle measured with respect to the positive z-axis, viz.

O, y) = (3.43)
T+ arctan (77), Z<0.

arctan (77), z>0,
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In the adjustment region, the Reynolds stress distributions are assumed to be
independent of  to leading order, and to have distributions corresponding to those
in the boundary layer immediately upstream of the trailing edge (see, for example,
the discussion by Melnik 1980). Accordingly, the Reynolds stress terms in the
adjustment region are written

—wi=eQ)+..., —v2=€eR)+..., —wv =X (n+..., (3.44)

where the functions @, R and 2| are the limiting forms of the Reynolds stress terms

as x—07.
Upon substitution of (3.40)—(3.44) into (2.1), the leading-order equations in the
adjustment region may be identified as

0ty | 0y _

o Oy R o8 TV e Oy
The pressure §, may be eliminated from (3.45b,¢) and it is easily shown that 7,
satisfies 025

_o, W O 5 W O g (3.45a-¢)

Ty 02, ”
— 23 .46
0%2 + on? ! (3.46)
The solution for 7, is
by =—2,(n) =9F,—F—1, (3.47)

and the corresponding solutions for #, and §, are
4y = I2(n) = EF{, P, = R(y). (3.48)
The complete solution for the transverse velocity in the adjustment region is

2

5= %@(:E,?])+62[77F{—F’1—1]+..., (3.49)

and it may be seen that ¢ varies smoothly in the outer layer in the vicinity of the
trailing edge.

4. Discussion

The general asymptotic analysis described in the preceding section shows that the
turbulent near wake has a well-defined double structure. The primary effects of the
change in boundary conditions at the trailing edge are contained in a thin inner-wake
region whose thickness grows linearly (to leading order) with distance from the
trailing edge. In the outer layer, the boundary-layer flow evolves downstream of the
trailing edge relatively undisturbed by the change in boundary conditions along
y = 0; the streamwise velocity profile is determined by the outer-layer surface profile
and a downward transverse velocity evolves to accommodate the accelerating flow
in the inner wake. An outer-layer adjustment region O(4,) x O(4,) is required near
the trailing edge in order to resolve a non-uniformity in transverse velocity; the
solution for the transverse velocity in this region is essentially a continuation of the
local perturbed inviscid flow.

The development of the turbulent near-wake flow is rather different from the
laminar near-wake flow originally described by Goldstein (1930). In the laminar case,
the near-wake region also exhibits a double structure but the inner-wake thickness
grows proportional to 23, as opposed to linear growth with x in the turbulent case. A
more significant difference between the two flow problems concerns the nature of the
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outer-wake flow. In the laminar case, the transverse velocity induced by the inner
wake dominates the development of the outer wake and leads to important
alterations in the streamwise profile; in the turbulent case, the streamwise profile in
the outer layer is relatively unaffected by the developing flow in the inner near wake.
The structure of the flow near the trailing edge is also rather different; in laminar
flow, the strong displacement effect of the inner wake produces a relatively
significant modification of the mainstream pressure distribution near the trailing
edge. The inviscid—viscous interaction is described by the ‘triple-deck’ analysis of
Messiter (1970) and Stewartson (1969) which shows that the effects of the trailing
edge extend over distances O(Re™%), well beyond the O(Re %) boundary-layer
thickness. For a turbulent trailing-edge flow, the non-uniformity in @ is resolved in
a square adjustment region confined within the boundary layer. Significant
displacement effects are evidently confined to a region that is exponentially small
and O(4;) at the trailing edge, through which the surface wall layer responds to the
change in boundary conditions at the trailing edge.

An important objective of the present analysis was to obtain general results and
here the leading-order analysis has been completed without adopting a specific
turbulence model. A considerable amount of information may be obtained from the
general theory. For example, it follows from (3.3), (3.8) and (3.13) that along the wake
centreline, the streamwise velocity may be written in the form

ugr{x; Re) = 1-+-e:|i1 log (ﬂ)-kao]. (4.1)
K 4,

Here q, is a constant equal to the value of f, at the wake centreline (z =0). To
determine a,, a turbulence model for o, must be specified ; the solution of (3.14) may
then be obtained subject to conditions (3.15) and (3.16). It should be emphasized
however that all other quantities and scales in (4.1) are known from the scales and
constants that characterize the surface boundary layer at the trailing edge; the
influence of turbulence model in (4.1) is therefore relatively weak. Expressions
equivalent to (4.1) have been obtained in previous analytical treatments of the near
wake ; as discussed in §1, these works either have invoked a specific turbulence model
at the outset (Alber 1980; Prabhu & Patel 1982) or have employed informal
analytical means (Robinson 1969). In addition, an empirical relation similar to (4.1)
has been suggested previously by Andreopoulos & Bradshaw (1980).

Another general result concerns the behaviour of the Reynolds stress along the
centreline. It is easily shown using (3.1), (3.5) and (3.14) that

ou'v’ €
=7 =——. (4.2
Y ly—o 4n )
In the limit of infinite Re, 4, ~ exx at finite x (cf. (3.19)) and thus (4.2) predicts that
the Reynolds stress gradient decays on the centreline according to ¢/kx to leading
order. Strong support for this behaviour is evident in comparisons with experimental
data given subsequently in §6. Finally, a displacement thickness 6* may be defined

for the surface boundary layer or the wake by

0% = ru—a)dy. (4.3)

0
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It may be shown using (3.3), (3.18) and (3.22) that the leading-order form for * near
the trailing edge is given by

0*(x) = 3*(0)—%24-62%4- ooy (4.4)
where §*(0) is the displacement thickness of the surface boundary layer evaluated at
the trailing edge (as - 07).

In order to produce profiles for velocity and Reynolds stress in the wake, it is
necessary to specify a turbulence model. This is considered in the next section, and
in §6 a direct comparison of (4.1) and experimental data will be made.

5. Turbulence models
5.1. Introduction

To obtain explicit velocity fields in both the wake and surface boundary layer, it is
necessary to adopt specific turbulence models. In conventional closure schemes, the
Reynolds stress w'v” is assumed to be related to the mean velocity field in some
universal way. In the present study, the turbulence models employed are tailored to
reflect the features of individual flow regions in the simplest possible manner. This
approach follows recent trends in turbulence research wherein the concept of a
universal turbulence model is abandoned in favour of ‘zonal models’ that represent
a specific geometrical or flow effect locally (cf. Kline 1982). Indeed, the sharp-
trailing-edge problem provides an example for which it does not appear possible to
extend a surface boundary-layer turbulence model without modification into the
wake region in a rational way.

Ideally, zonal turbulence models should reflect the nature of the averaged
dynamics of the time-dependent turbulent flow. Recently, Walker, Scharnhorst &
Weigand (1986) have described a model for the surface wall layer which reflects the
experimentally observed coherent structure of the near-wall flow; this model was
used in the present investigation. The dynamics of the Reynolds-stress-producing
events in the surface outer layer, as well as the near wake, are not well understood
and in these regions an algebraic eddy viscosity model of the form

on
| %
was used, where € is a specified function. It is worth remarking that a physical basis

for (5.1) has never been established and that it should be regarded as an ad ~oc model
which is capable of describing mean turbulent flow behaviour in certain situations.

- = eh(x,y)

(5.1)

5.2. Swurface boundary-layer models

It is well known from experimental observation over several decades that the time-
dependent flow in the wall layer of a turbulent boundary layer exhibits a remarkable
degree of coherent structure. The wall-layer flow is cyclical in character in which
relatively long quiescent periods are disrupted by violent bursting phenomena; in the
bursting process, wall-layer fluid is ejected into the outer region of the boundary
layer. The process may be viewed as a brief but strong viscous—inviscid interaction
between the wall layer and the outer layer. It follows from (2.12) that if the Reynolds
stress function is known, the profile U* may be obtained by integration and vice
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versa. Walker et al. (1986, 1988) have argued that the principal contributions to
U* are made during the relatively long quiescent periods (see also Beljaars, Krishan
Prasad & de Vries 1981), while contributions to «»” are made intermittently at
isolated spanwise and streamwise locations during the bursting process; these
authors then consider possible time-dependent solutions during a typical quiescent
period in the wall layer. The detailed analysis (Walker et al. 1986) is complex but a
time average of the results yields a relatively simple analytical expression for the

mean velocity profile in the wall layer which has the functional form

U+ = U*(y*: x,8). (5.2)

1

Here « is the von Kdrmdn constant and S = (T'f):, where 7% is the average period
between bursts (in wall-layer units). This wall-layer profile model has been compared
extcnsively with experimental data by Scharnhorst, Walker & Abbott (1977) and
Yuhas & Walker (1982) who found the model gives a very close representation of
measured profile data. For a constant-pressure turbulent boundary layer, values of
k = 0.41 and § = 10.5 yield exccllent comparisons with experimental measurements ;
these values also produce the conventional value of the constant € = 5.0 in the law-
of-the-wall equation (2.14). In addition, the corresponding value of T} = 110.2
compares favourably with direct experimental measurements of the burst period.
In specifying a model for closure of the outer-layer equation (2.8), it is convenient
to define a scaled eddy viscosity function according to
€

* *
= m . m 5.
ém ugd, 0% (5-3)

using the outer scale defined in (2.7). It follows from (2.5) that the outer-layer
Reynolds stress function is given by

2(n) = en(n) Fi(n). (5.4)

The eddy viscosity function is constrained to behave in specific ways. First, to ensure
the logarithmic behaviour in the velocity profile for small 5 indicated by (2.13),
€m ~ k1 as > 0. A linear eddy viscosity throughout the outer layer is not acceptable
since the solution of (2.18) must decay exponentially for large 7; it follows that ¢,
must approach a constant (at most) as 7 —>co. The simplest eddy viscosity
distribution having these characteristics is the ramp function

. _{K for77<771=K//<,}

ky  for g <. (5.5)

Here K is a constant that is usually taken to be about 0.016 (Mellor & Gibson 1966;
Cebeci & Smith 1974). Note that the formula (5.5) has a discontinuity in slope at
n = 7,; it is possible to construct model functions for ¢,, that have a smooth variation
everywhere (Yuhas & Walker 1982) but one attractive feature of (5.5) is that
solutions of (2.18) may be obtained in closed form, viz.

—er( TV [ U ] for n >
o e (2K) erfc GK)) or n =7,
Fi(n) = (5.6)
e (Mye, Ly, for y <
o e 0o Yo —log«], or 7 <1;.
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Here E, is the exponential integral (Abramowitz & Stegun 1964) and y, is Euler’s
constant. The outer-layer Reynolds stress distribution is easily obtained from (5.4),
and in (5.6) the outer-layer log-law constant is given by

1

1, KN _ ke (Y K
cu= glremtont (G- (5] el ) | &)

It may be observed that the outer-layer solution contains the two constants, k and
K. For the conventional values of x = 0.41 and K = 0.016, equation (5.7) yields
C,=0.97936.

5.3. Near-wake models

In §3.3, it was shown that the solution in the outer near wake is a continuation of
the surface outer layer and consequently the Reynolds stress distribution is given by
(5.4)—(5.6). For the inner near wake, it may be confirmed using (3.3), (3.5) and (5.1)
that the eddy viscosity € and inner-wake stress functions must have the form

€y = €4,(x; Re) €, (2), Ty = €,u(2)f(2): (5.8)

Here €, is a scaled eddy viscosity function for the inner-wake region which is to be
selected subject to two constraints. First, €, ~ kz as z— 00 in order to match the
outer-near-wake distribution given by (5.5). The second constraint is obtained by
substituting (5.8) into (3.17) and expanding f, in a Taylor series about the wake

centreline z = 0 where f,,(0) = f,(0) = 0; it is easily shown that ¢, cannot vanish at
the wake centreline. The simplest function that satisfies these constraints is the ramp

function " S
k2 forzza,
Cmw = {Ka for z < a.} (5.9)

Here a is a model constant to be determined subsequently from comparisons with
experimental data.

The eddy viscosity model in (5.9) has a discontinuity in slope at z = «; in principle,
it is possible to develop a model function that has a smooth variation throughout the
inner wake but one advantage of (5.9) is that a solution of (3.14) is readily obtained
in closed form. The solution for the inner-wake velocity perturbation is

;lz[logz—alEl(z)] +C,, zza
(5.10)

K

WA= 19 s 1
L i|+C+—-a, z<a.
(2a)2 K
Here D, is the integral of Dawson’s integral Dy(x) (Abramowitz & Stegun 1964),
viz.

Dy(x) =e* J xe‘*dt, D,(x) = f IDO(t) dt. (5.11)

]

In addition, the constants @, and a, in (5.10) are given by
a; = e*[1 — (20} Do((Ba)h)], @, = loga—a, By(a) —2D;((a)?). (5.12)

The inner-wake Reynolds stress function is easily obtained from (5.8) and (5.10) and

is given by
-z

_ 1—a,e™?, 22, 513
f’w(z) = {(2a)%1)0[z/(2a)%], 2 < a.} (5.13)
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Ficure 4. Inner-wake profiles obtained with model (5.9) for various a (with &« = 0.41 and
C, = 0.979). (2) Inner-wake velocity profiles. (b) Inner-wake Reynolds stress profiles.

The velocity and Reynolds stress distributions in the inner near wake are given by
(5.10)—(5.12) which contain the von Kdrmdn constant x and the single inner-wake
modelling constant «; there is also an implicit dependence on K through the outer
‘log-law’ constant C, (cf. (5.7)). A value of the constant a will be obtained in §6
through direct comparisons with experimental data. It is worth discussing here the
general features of the inner-wake solution for various values of a.

In figure 4 (a), a series of inner-wake velocity profiles are plotted for various values
of a (with «k =041 and C,=0.97936). The logarithmic curve in this figure
corresponds to the asymptotic behaviour for large z and it may be observed that all
profiles quickly approach the asymptotic condition. The curve labelled a = 0 is a
limiting case which, from (5.9), corresponds to a linear eddy viscosity variation
across the entire inner wake ; this model was adopted by Alber (1980) but it may be
observed that the velocity profile has a non-zero slope at the wake centreline which is
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not physically realistic. All positive values of « lead to velocity profiles that satisfy
the symmetry condition f(0) = 0 at the centreline.

In figure 4 (b) the inner-wake Reynolds stress profiles given by (5.13) are plotted
for several values of a; it is evident that the nature of the inner-wake Reynolds stress
distribution changes at a certain critical value @ = .. For « > a,, a bulge appears in
the Reynolds stress profile and this does not seem acceptable on physical grounds.
The Dawson integral Dy(x) has a maximum at z = z, = 0.92414 and if (Ra)? > x,, the
maximum in D, will be contained in the region z < a. Consequently, in order to avoid
a bulge in the o, profile, it would appear that acceptable values of @ must be in the
range a < o,, where a, = 222 = 1.7081.

The eddy viscosity distributions adopted here for the near-wake region may be
consolidated into a composite function. In terms of the outer-wake coordinate 7, the
eddy viscosity distribution at any streamwise position may be written

K, n = =K/,
€mn = K7, Nw <7 <7y, (5.14)
kad, /4, 1< Ny

where 7, is defined by
4, (x; Re)
4,(Re)

The composite eddy viscosity model is shown schematically in figure 5. At the
trailing edge, the eddy viscosity distribution has the simple ramp form associated
with the conventional surface outer-layer model. In the near wake, the linear
behaviour €, = k» occurs between y =5, = K/k and 9 = 9,,, which is the curve
defined by z = a; below 5 = #,, the eddy viscosity is constant all the way to the wake
centreline. As the inner wake spreads, 4,, increases, which leads to an increase in
7., as well as the centreline eddy viscosity, which has the value kad,/4,. Eventually,
the centreline value grows to the outer-wake value K. At this stage, the eddy
vigcosity distribution is constant across the wake and the present inner-wake model
ceases to be appropriate; note that this occurs at the streamwise location z, defined

by

Nw(x; Re) = a (5.15)

A, (xy; Re) = f—aAO(Re). (5.16)

Downstream of the position z,, a suitable turbulence model involves an eddy
viscosity distribution that is uniform across the wake. The development of the small-
defect wake at large distances from the trailing edge is well known to be described
accurately by such a model (see, for example, Townsend 1976). However, upon
comparison with the popularly accepted eddy viscosity value for small-defect far
wakes (Tennekes & Lumley 1972 ; Townsend 1976), it emerges that value for the far-
wake flow is nearly three times the outer-layer value ¢, = K. Consequently, a
transition region, in which the eddy viscosity value grows with distance from the
trailing edge, is required to complete the modelling of the wake flow. The modelling
and prediction of wake flows in this region will be reported elsewhere. Nevertheless,
it should be noted that the present near-wake turbulence model provides the simplest
transition between a conventional model in the surface boundary layer and a uniform
eddy viscosity distribution in the wake ; the eddy viscosity on the centreline increases
proportional to the thickness of the inner wake.

It is appropriate here to comment briefly on the recent analysis of Neish & Smith
(1988), which employs the eddy viscosity model of Cebeci & Smith (1974) for both the

19-2
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FiaUrE 5. Schematic of composite near-wake eddy viscosity distribution ¢,,(x, ).

surface boundary layer and the wake flow regions. In the outer-layer regions, the
(ebeei-Smith scheme is similar to the present model given by (5.5), except that it
employs a mixing-length formulation to prescribe the small-y behaviour which is
consistent with a logarithmic velocity profile. The validity of the mixing-length
portion of the model, which was developed especially for wall-bounded flows, must
be regarded as highly doubtful when applied to wake calculations. Indeed, the
mixing-length portion of the model produces a cusp in the streamwise velocity
profile, which is similar to the case o = 0 in figure 4 (a). Neish & Smith (1988) show
that this physically unacceptable behaviour can be resolved in a thin layer
O(Re5¢73) at the wake centreline that involves a balance of inertia, Reynolds stress,
and viscous stress terms. This structure is highly dependent upon the specific
turbulence model used. In addition, it should be noted that the Cebeci—Smith model
is inconsistent with the well-known description of the small-defect wake that evolves
at large distances from the trailing edge.

6. Near-wake flow calculations
6.1. Introduction

The objective of this section is twofold. First, the method of determining the
modelling constant o that appears in the near-wake eddy viscosity function is
described and a single value for practical calculations is selected. Second, the
analytical velocity and Reynolds stress profiles obtained in this study are compared
directly with experimental data obtained from four modern studies: Chevray &
Kovasznay (1969), Pot (1979), Andreopoulos & Bradshaw (1980) and Ramaprian,
Patel & Sastry (1981, 1982). (Useful insight into the structure of trailing-edge flows
is provided by Haji-Haidari & Smith 1988, who emploved a relatively thick plate
with a wedge-shaped trailing edge. This type of experimental model is outside the
scope of the present work, as discussed by Bogucz 1984.)

There are several features of the experimental configurations that are not taken
into account in the present theory, which pertains to an infinitesimally thin flat
plate. The experimental studies and the associated issues of concern are discussed in
detail by Bogucz (1984); a brief summary of conclusions is given here. The
experimental plate models used by Pot (1979) and Ramaprian et al. (1982) had
trailing-edge thicknesses that are potentially significant; evidence of unsteady
separation phenomena at the trailing edge is apparent in the Reynolds stress data
reported in these studies. In the experiments of Andreopoulos & Bradshaw (1980),
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the tapered trailing edge of the plate model as well as the finite wind-tunnel
dimensions combine to produce a significant mainstream pressure gradient at the
trailing edge. Finally, in the study of Ramaprian ef al. (1982), velocity data in the
near wake were obtained in three separate measurements (a total head tube and two
separate X -wire probe orientations); unfortunately the different methods produce
substantially different data at some locations (see Ramaprian et af. 1981). The
discrepancies are not resolved by the authors and consequently the accuracy of the
reported near-wake measurements is uncertain.

The near-wake flow evolves continuously from the profiles in the surface boundary
layer immediately upstream of the trailing edge and good predictions of the wake
flow can only be expected if the initial surface boundary-layer profile is well
represented. A particular velocity profile representation fixes the friction velocity €
at the trailing edge, the scales 4; = (¢Re)™! and 4, = §*/e as well as the von Kdrman
constant « and the ‘log-law constants’ C; and C,. If measurements were available at
several stations in the surface boundary layer, detailed comparisons with data could
be carried out using a boundary-layer prediction method to obtain an accurate
representation of the velocity profile as the flow approaches the trailing edge.
Unfortunately, sufficient measurements of the surface boundary-layer flow are not
reported in the experimental studies. Only Ramaprian et al. (1981) report
measurements in the upstream boundary layer but these are limited to one
streamwise location. In the studies of Chevray & Kovasznay (1969) and Andre-
opoulos & Bradshaw (1980), the first streamwise location for reported measure-
ments is apparently just downstream of the trailing edge (at a = 0%). The first
streamwise data station reported by Pot (1979) is in the wake (at z = 0.016).

In the absence of any detailed information concerning the development of the
surface boundary layer, the velocity profile at the trailing edge was represented by
a composite profile consisting of the wall-layer profile given by (5.2) and the defect
profile in (5.6), viz. 1
%= 1+6[F;(77)+U+(y+)-;logn—Co]. (6.1)

It should be noted that a self-similar, constant-pressure boundary-layer flow at the
trailing edge has been assumed in obtaining (6.1) and that these conditions may not
be realized at the trailing edge in the cited experiments. It may be inferred that (6.1)
implicitly contains the three parameters x, § and K which, in principle, should
assume ‘universal’ values, at least in a constant-pressure flow. The values x = 0.41,
§ = 10.5 (which gives C; = 5.0) and K = 0.0160 are conventionally accepted, and
provide good representations of experimental data for zero-pressure-gradient
boundary layers; these constants uniquely determine the inner and outer
logarithmic-law constants C; and €. For each data set, the displacement thickness
in the surface boundary layer at the trailing edge was estimated by numerical
integration of the raw data at the first data station; using this value of 6* and with
4, = 6*/u,, the value of the friction velocity at the trailing edge ¢ was computed
from the match condition (2.15). The values obtained in this manner are listed in
table 1(a) for each experimental study. Note that the value of ¢ is within the range
of estimates 0.037-0.046 given by Chevray & Kovasznay (1969); the value of
e =0.0359 is comparable with the estimate ¢ =0.036 given by Andreopoulos
& Bradshaw (1980).

For two of the experimental data sets, the conventional turbulence model
constants did not provide a completely satisfactory representation of the measured
data at the trailing edge; this may occur either because pressure gradient effects are
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(a) Conventional modelling constants (S = 10.5, K = 0.0160)

Study Re &% € Ty
Chevray & Kovasznay (1969) 6.55 x 10° 0.00353 0.0436 0.1771
Andreopoulos & Bradshaw (1980) 6.60 x 10¢ 0.00264 0.0359 0.2185
Pot (1979) 1.20 x 108 0.003501 0.0410 0.2065
Ramaprian et al. (1981) 2.66 x 10¢ 0.00276% 0.0389 0.1873

(b) Optimized modelling constants

Study S K C, C, € Zy
Chevray & Kovasznay (1969) 8.10 0.0168 3.478 1.114 0.0470 0.1534
Andreopoulos & Bradshaw 8.57 0.0121 3.766 0.099 0.0364 0.1873
(1980)
T Value estimated from experimental measurements at x = 0.016.
1 Value estimated from experimental measurements at x = —0.0423.

TaBLE 1. Trailing-edge boundary-layer scales and constants

important or because the flow has not entirely achieved self-similarity at the trailing
edge. In the absence of information concerning the development of the surface
boundary layer, it is not possible to pursue this matter. However, since a good
representation of the profile data at the trailing edge is important in relation to the
near-wake description, an improvement was sought through optimization of the
model constants S and K to produce the best fit to the data at the initial station at
the trailing edge, following the approach of Scharnhorst et al. (1977) and Yuhas &
Walker (1982). The trailing-edge velocity data of Chevray & Kovasznay (1969) is
represented extremely well by the profile (6.1) with the conventional constants;
direct two-parameter optimization on 8 and K produced essentially the same results
as in table 1(az). However, one difficulty is that the reported Reynolds stress data at
x = 0% has a peak at a value that indicates a trailing-edge friction velocity of
€ = 0.0470 in contrast to the value of 0.0436 in table 1(a). A least-squares fit of the
reported velocity profile was performed with § and K as parameters, subject to the
constraint € = 0.0470; in this manner, it was possible to obtain good representations
of both the velocity and Reynolds stress profiles at the trailing-edge and the
optimized results are given in table 1(b).

An accurate representation of the data at the trailing edge for the experiments of
Andreopoulos & Bradshaw (1980) is somewhat more difficult in the context of the
present theory. Significant pressure gradient effects evidently were present in the
flow near the trailing edge; Patel (1981) and Bogucz (1984) have used independent
methods to estimate that the Clauser parameter f = —&6*U U, /u% = 0.5 for the flow
near the trailing edge. In an attempt to obtain an improved representation of the
reported data, the parameters S and K were varied to produce an optimal least-
squares fit of the velocity data at the trailing edge and the results are given in table
1(b). Note that the data used for this purpose correspond to those reported by
Andreopoulos in Kline, Cantwell & Lilley (1981).

6.2. Evaluation of the inner-wake eddy viscosity constant

For a given representation of the surface boundary-layer profile at the trailing edge,
the near-wake solution is completely determined except for the value of the inner-
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Ficure 6. Inner-wake model constant a,.

region eddy viscosity constant « in (5.9). A means of determining a value for « is to

make a comparison with experimental data along the centreline. It follows from (3.3)

and (3.8) that the predicted centreline velocity (in defect form) behaves according

to
Uep(x)—1 1 4,

——CL—E—"——— = ;logd—o‘l‘ao. (62)

Ucy,, (%)

In the context of the general asymptotic analysis of §3, a, is a constant that can be
determined by direct comparison with experimental data. For the specific inner-
wake turbulence model described by (5.1), (5.8) and (5.9), the value of a, follows from
(5.10) and is 1
a, = CO+;a2(a). (6.3)

Here a, is the function of the modelling constant « defined in (5.12); its variation
with a is shown in figure 6. Note that for a given velocity profile at the trailing edge,
a, depends only on «a.

Using near-wake centreline velocity data from each experimental study,
the value of a, in (6.2) was systematically varied to produce the best fit to the data in
the least-squares sense. The data used in this process were restricted to the range
5004; < x < 0.15 4,/¢ to avoid effects of the O(4,) wall-layer adjustment region for
small « and the influence of deviations from the near-wake similarity solution for
larger values of x. The values of a,, and the corresponding values of a, and a,
determined by this procedure are given in table 2 for each set of trailing-edge profile
constants listed in table 1. Note that for the data of Ramaprian et al. (1981), three
entries are listed, corresponding to the measurements taken with a total-head tube
and a x -wire as well as an arithmetic mean ; centreline data that were used for this
purpose were restricted to data stations where both types of measurements were
taken. When it is considered that a deviation of 0.1 in g, represents a change in
centreline velocity of 0.1¢ (or about 0.6% for typical values), it may be inferred that
the values of a, are in good agreement between the different experiments.

There are two possible approaches for determining a value of a for all subsequent
predictions of velocity and Reynolds stress profiles in the near wake and these are:
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(@) Conventional surface boundary-layer constants

Study a, a, a Comments
Chevray & Kovasznay (1969) 0.0604 —0.3768 0.5534
Andreopoulos & Bradshaw (1980) 0.2429 —0.3020 0.8340
Pot (1979) 0.0715 —0.3722 0.5692
Ramaprian et al. (1981) 0.5798 —0.1638 1.4772 Head-tube data
—0.0423 —0.4197 0.4114 X -wire data
0.2678 -0.2918 0.8758 Averaged data

(b) Optimized surface boundary-layer constants

Study a, a, a
Chevray & Kovasznay (1969) 0.2279 —0.3632 0.6011
Andreopoulos & Bradshaw (1980) 0.3027 0.0836 3.1632

TABLE 2. Inner-wake eddy viscosity a determined by least-squares fit of equation (6.2)

1 T 1T ¥ [ T T 1]

L 1 Lt il ll 1 i | - IALI_I
ERatE 10-2 10~
4,/4,
Ficure 7. Defect centreline velocity: [], Chevray & Kovasznay (1969); A, Andreopoulos &
Bradshaw (1980); <, Pot (1979); +, Ramaprian ef al. (1981) head-tube data; x, Ramaprian et al.
(1981) x -wire data; ——, equation (6.2) with a, = 0.0927.

(1) regard a, as a universal value and determine a from (6.3) for each flow; or (2)
regard « as a universal constant and compute a, from (6.3) for each case. For the set
of surface boundary-layer constants normally associated with constant-pressure
flows (S = 10, K = 0.016), the values of a; = 0.1 and « = 0.6 are judged repre-
sentative of the values listed in table 2. The results for the two sets of optimized
trailing-edge constants are not conclusive; the results for the data of Chevray &
Kovasznay (1969) tend to support the idea of a universal value of « while the data
of Andrcopoulos & Bradshaw (1980) tend to support a fixed value of a,. However, the
data of Andreopoulos & Bradshaw (1980) are thought to contain pressure gradient
effects that are not accounted for in the present theory and no definitive
recommendation is possible at this stage for such flows. For surface boundary-layer
flows which may be adequately predicted using the conventional constants, the
representative value of a = 0.6 is recommended and this produces values of
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a, = —0.3635 and a, = 0.09273. This value of « (along with the conventional set of
surface boundary-layer constants) will be shown subsequently to provide very good
representations of near-wake experimental data, including the measurements of
Andreopoulos & Bradshaw (1980).

The defect centreline velocity given by (6.2) with a, = 0.09273 is plotted as a
function of log(4,,/4,) and compared with measured data in figure 7. Note that the
data reported by Ramaprian et al. (1981) using both total head and x -wire probes
are included ; the former measurements progressively diverge from the other data for
decreasing x which raises questions about the accuracy of the total-head tube data.
Apart from one set of data, the variation in centreline velocity data predicted by
(6.2) is strongly supported by the measurements.

6.3. Profile data comparisons

In §5.3, analytical functions were obtained which describe the velocity profile and
Reynolds stress development throughout the near-wake region ; in this section, these
profiles are compared directly with experimental profile data. At the outset, it is
important to delineate the streamwise range of validity of the present solutions.
When x = 0O(4,) the present near-wake description is not uniformly wvalid. For
practical purposes, the present inner-wake solutions may be used for x greater than
a few hundred multiples of 4,; note that x = 5004,, for example, is a rather small
distance from the trailing edge and that very few experimental measurements have
been taken in this range. The largest value of x for which the present solutions apply
is at x = x; at this location (which is given by (5.16) and is tabulated in table 1), the
inner-wake eddy viscosity model becomes uniform across the entire wake.
A composite expansion for the near-wake velocity profile may be written as

U= uc(x;Re)—Fe[f(v(z)—%Fi(?])—%logn—(]o], (6.4)
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FicurE 9. Comparison of near-wake predictions with experimental measurements of Andreopoulos
& Bradshaw (1980): (a) Velocity-defect profiles; (b)) Reynolds stress profiles (~——, conventional
surface boundary-layer constants; , optimized surface boundary-layer constants).

where the functions ., F; and f;, are given in (3.8), (5.6) and (5.10) respectively. The
composite expansion for the near-wake Reynolds stress is

—WV = o)+ () — 1], (6.5)

where X, and o, are given by (5.4) and (5.13) respectively.

Predicted velocity and Reynolds stress profiles for the two near-wake data stations
of Chevray & Kovasznay (1969) are shown in figure 8; the representations for the
initial profiles at the trailing edge are also shown. Note that results for both the
conventional and optimized set of surface boundary-layer constants are displayed in
the figure; the inner-wake eddy viscosity constant « = 0.6 was used for both sets of
profiles. The analytieal profiles agree very favourably with the data for the optimized
set of trailing-edge constants and reasonably well for the conventional set. Differences
between the results obtained with the two sets of constants are seen to decrease with
downstream distance from the trailing edge.

Predicted profiles for the data of Andreopoulos & Bradshaw (1980) are shown in
figure 9 for both sets of surface boundary-layer constants and with a = 0.6 for both
sets of comparisons. It is evident that the initial velocity profile at the trailing edge
is not well represented by the conventional set of surface constants. However, the
representation of subsequent downstream profiles improves with increasing distance
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Ficure 10. Comparison of near-wake predictions with experimental measurements of Pot (1979):
(@) Velocity-defect profiles; (b) Reynolds stress profiles.

from the trailing edge and it is apparent that any pressure gradient effects present
in the trailing-edge profile progressively diminish in the near wake. It may be
observed that the velocity profiles with the optimized set of surface constants
represent the initial velocity profiles very well but then underpredict the velocity at
the centreline at subsequent data stations. Note that the value of a = 0.6 used in
preparing figure 9 is considerably less than the value suggested by the least-squares
fit to centreline velocity measurements (see table 2b). Nevertheless, the qualitative
behaviour of the analytical profiles is sound and the quantitative differences between
the predictions and data are small (typically, the differences are O(¢) or smaller,
where ¢ = 0.036 in this case).

Figure 10 shows predicted velocity and Reynolds stress profiles for the two near-
wake data stations of Pot (1979). Note that the Reynolds stress data at the first
station have a maximum value of approximately 1.8¢2, which is not well represented
by the present theory. This discrepancy is believed to be caused by the relatively
thick trailing edge of the experimental model used by Pot; unsteady separation
phenomena at a thick trailing edge may be expected to produce a peak in Reynolds
stress such as that seen in the data. A similar overshoot in Reynolds stress data has
been reported by Ramaprian ef al. (1982), who also used a model with a relatively
thick trailing edge. The reported data indieate that the maximum Reynolds stress
values diminish rapidly with distance from the trailing edge, and subsequent
downstream stations are well represented by the present theory.

The velocity and Reynolds stress profile predictions shown in figures 8-10 support
the analysis described in §3 and the turbulence models proposed in §5. In the context
of the general asymptotic analysis, note that the variation of centreline velocity
measurements is well represented by the present theory, as shown in figure 7. In
addition, the general analysis also prediets the variation of Reynolds stress gradient
at the wake centreline, as given by (4.2); figures 8(b)-10(b) show clearly that this
model-independent result is well supported by the measurements. Conecerning the
accuracy of the simple near-wake eddy viscosity models proposed here, it should be
noted that the predicted Reynolds stress profiles shown in figures 8(b)-10(b) are much
more accurate in the near-wake region than reported results (Ramaprian et al. 1981)
for fully numerical calculations using more complicated one- and two-equation
turbulence models.
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7. Summary

A rational description of the symmetric flow in the near wake of a flat plate with
a sharp trailing edge has been obtained using the method of matched expansions in
the limit Re— co. A number of fundamental and general results have been obtained
without recourse to a specific turbulence model. The turbulent near wake was found
to have a double structure consisting of a thin inner-wake region near the wake
centreline and a thick outer wake. The flow structure has some superficial similarities
to the laminar trailing-edge problem but the mechanics of the turbulent flow problem
are substantially different. The primary effects of the change in boundary conditions
at the trailing edge are contained in the inner wake; a similarity solution of the
governing equation in this region shows that, to leading order, the inner wake grows
linearly with distance from the trailing edge. In addition, the general similarity
solution shows that the centreline velocity varies logarithmically with the inner
region lengthscale in a manner confirmed by experimental measurements. The outer-
wake solution for the streamwise velocity is essentially a continuation of the outer-
layer surface boundary-layer profile. The main difference from the surface boundary
layer is that transverse flow toward the axis ¥ = 0 develops to feed the accelerating
flow in the inner wake. An O(4,) x O(4,) adjustment region in the outer layers at the
trailing edge is required to accommodate the change in direction of the transverse
velocity from the surface boundary layer to the outer wake.

To obtain a solution for the velocity and Reynolds stress profiles in the near-wake
region, an algebraic eddy viscosity model was proposed ; this model has the simplest
possible form that permits the symmetry condition for the streamwise velocity
profile to be realized on the wake centreline. In addition, the eddy viscosity model
permits a simple transition from a conventional eddy viscosity distribution for
surface boundary layers to a uniform eddy viscosity distribution for turbulent flow
in the wake. Note that, as a consequence of the self-similar behaviour in the near-
wake solution, the portion of the eddy viscosity that is linear gradually disappears
(cf. figure 5) as the eddy viscosity reaches a uniform value across the wake; as this
occurs, the portion of the streamwise profile containing logarithmic behaviour
diminishes. In predictions of several experimental flow situations, the analytical
near-wake profiles provided accurate representations of reported measurements.
Indeed, the simple algebraic eddy viscosity models proposed here for the near-wake
region appear to provide more accurate representations of the flow than those
obtained in other studies using more complex one- and two-equation turbulence
closures (cf. Ramaprian et al. 1981).

This work was supported by the National Science Foundation under grant MEA-
8016929. The second author would like to acknowledge the continuing support of the
Air Force Office of Scientific Research for the development of surface layer
turbulence models.
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